The anisotropic conductivity of two-dimensional electrons on a half-filled high Landau 

level 
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We study the conductivity of two-dimensional interacting electrons on the half-filled TVth Landau 
level with N 3> 1 in the presence of the quenched disorder. The existence of the unidirectional 
charge-density wave state at temperature T < T c , where T c is the transition temperature, leads to 
the anisotropic conductivity tensor. We find that the leading anisotropic corrections are proportional 
to (T c — T)/T c just below the transition in accordance with the experimental findings. Above T c 
the correlations corresponding to the unidirectional charge-density wave state below T c result in the 
corrections to the conductivity proportional to \jT c j(T — T c ). 
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PACS numbers: 72.10 -d 

1. Introduction. Two-dimensional electrons in a 
perpendicular magnetic field was a subject of intensive 
studies, both theoretical and experimental, for several 
decadcaiS,. It has been found that the properties of two- 
dimensional electrons in the magnetic field are strongly 
affected by the presence of electron-electron interaction 
as well as by impurities. The behaviour of the system in a 
strong magnetic field where only the lowest Landau level 
is occupied has been investigated in great details^. But 
only several attempts were made to consider the system 
in a weak magnetic field (large number of Landau levels 
N ^> 1 are occupied) where the Coulomb energy at dis- 
tances of the order of the magnetic length exceeds the 
cyclotron energy^. 

The progress in understanding the clean two- 
dimensional electrons in a weak magnetic field was 
achieved by Aleiner and Glazman who, by using the small 
parameter 1/N <C 1, have derived the successive theory 
that describes electrons on the partially filled Nth. Lan- 
dau level — . By treating the effective electron-electron 
interaction on the A^th Landau level within the Hartrec- 
Fock approximation, Koulakov, Fogler, and ShklovskiS 
predicted a unidirectional charge-density-wave (UCDW) 
state (stripe phase) for the half-filled high Landau level at 
zero temperature and in the absence of disorder. Mocss- 
ner and Chalker— showed the existence of the UCDW 
state on the half-filled high Landau level without dis- 
order below some temperature To. In the presence of 
disorder the UCDW state on the half-filled high Landau 
level can exist if the Landau level broadening l/2r does 
not exceed the critical value l/2r c = 4Tb/7p£ (see Fig.0. 
(We use the system of units with % = 1, c = 1 and fog = 1 
throughout the Letter.) 

The anisotropic magnetoresistance discovered near 
half-fillings of Landau levels at low temperatures was at- 
tributed to the existence of the UCDW state — . This 
stimulates an extensive study of the properties of two- 
dimensional electrons in a weak magnetic field^. However 
up to date, the magnetoresistance of the UCDW state 
have been theoretically considered in the zero tempera- 
ture limit only where stripes have well-defined edges^. 




FIG. 1: Phase diagram on a half filled high Landau level. 



The main objective of the present Letter is to present 
the results for the conductivity tensor of the UCDW state 
developed on the half-filled high Landau level in the pres- 
ence of the quenched disorder just below the transition 
temperature T c where the expansion in the CDW order 
parameter A is justified. 

2. UCDW state. The two-dimensional electrons 
in a weak perpendicular magnetic field H occupy large 
number (N ^> 1) of the Landau levels. We assume 
that disorder is weak so it leads to the Landau level 
broadening l/2r that satisfies the condition l/2r <C u>h, 
where u>h = eH/m is the cyclotron frequency with e 
and m being the electron charge and the effective elec- 
tron mass respectively. As the temperature decreases the 
second-order transition from the homogeneous state to 
the UCDW state occurs (see Fig.0. Vector Q that char- 
acterizes a period of the UCDW can be oriented along 
spontaneously chosen direction. Usually, the orientation 
is fixed either by the intrinsic anisotropy of the crystal 
or by the small external in-plane magnetic fieloS. Here- 
inafter, we assume that the vector Q is directed under 
angle <j) with respect to the x axis. The period of the 
UCDW is seemed to be of the order of the cyclotron ra- 
dius R c = IhV^N + 1, where In = 1 / ^Jitlloh denotes 
the magnetic length. More precisely, the modulus of the 
vector Q equals Q = ro/R c , where ro w 2.4 is the first 
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zero of the zeroth order Bcssel function of the first kind 
Job?*- 

The temperature T c of the second-order transition 
from the homogeneous to UCDW state is determined as 
the solution of the following equation^. 



with 



Tc - 2 f (o 1 
To ~ Tr^ \ 2 



1 



(1) 



where £(2, z) is the generalized Riemann zeta function 
and To the transition temperature in the clean case 
(1/r = 0). We notice that Eq.JTJ has the solution for 
T c only if the Landau level broadening is smaller than 
the critical one l/2r < l/2r c = 4To/7r as it is shown in 
Fig. ^ According to Refsi££, 



Tn = 



4tt\/2 



(2) 

where c = l/(\/2r ) ~ 0.3, and r s = V2e 2 /ev F < 1 
with and e being the Fermi velocity and the dielectric 
constant of a media respectively. It is worth mentioning 
that the To is determined by the characteristic energy 
e 2 /R c ~ r s LOH -C of the screened electron-electron 
interaction on the Nth. Landau level, cf. Ea. l|16|l . 

3. Results. The conductivity tensor a a b of the two- 
dimensional electrons on the half-filled high Landau level 
above the transition temperature T c , i.e. in the homoge- 
neous state, is known to be isotropic^. To this end we 
show that in the presence of the quenched weak disor- 
der the existence of the UCDW state on the half-filled 
high Landau level below T c results in the anisotropic 
corrections to the isotropic conductivity tensor a a \y. For 
the temperature slightly below T c , where the condition 
T c — T<^ T c is hold, the anisotropic corrections are given 
as 



r (anis) 
0<Tx X 
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(anis) 

yy 



= TNf ( V c)G (Vc)cos[2(/>] 



T c -T 



(3) 



and 



c (anis) | rp rp 

7 (Ls) = Nf (Vc) G (Vc) sin[20]^— . (4) 

OO-yx J J C 

Here for convenience we introduce the dimensionless pa- 
rameter rj c = 1/47tT c t that we use throughout the Letter. 
The functions f(z) and g(z) are defined as 



Voixz 



G +*)(*+$ + *)' 



32J 2 (r )z 3 



(5) 

where g(z) will be used below. The other function G(z) 
is given as 

aw - <^4±4^4M rT , (6) 



C(2,i + z) lirnpa + z + i zj (nr )) 



z 2 Ji(nr ) 



J 3 Jo 3 ( nr o) 



(J) 



The ip( z ) stands for the digamma function and symbol 
Im denotes the imaginary part. 

There are several features of the main results © and 
Q. First of all, the anisotropic corrections Scr^T are 
proportional to (T c - T)/T c . Although, the Eqs.© 
and are derived only for the case of a short-range 
random potential (quenched disorder), it can be shown 
that the anisotropic corrections remain proportional to 
(T c — T)/T c in the case of a long-range random potential 
as welliS. We emphasize that such temperature depen- 
dence of the developing anisotropy in magnetoresistance 
was observed in the experiments^. 

The angle dependence of the anisotropic correction © 
to conductivity a xx has the minimum for = 0, that cor- 
responds to the vector Q directed along the x axis and 
stripe oriented along the y axis. From Eq.@ we see that 
the conductivity a yy along the stripe is enhanced whereas 
the conductivity o~ xx across the stripes (along the modu- 
lation of the order parameter) is suppressed as it should 
be according to the experiments^. In the same time, the 
anisotropic correction (0} to a xy vanishes. If the vector 
Q is oriented at angle = tt/4 with respect to the x 
axis, the anisotropic correction J2J to a xx becomes zero 
due to the symmetry between x and y axes. Conversely, 
the anisotropic correction Q to a xy is attained the min- 
imum . 

The behavior of the anisotropic corrections Q and Q 
as the functions of the parameter rj c for fixed temperature 
T and angle <p are shown in Fig. [21 

In addition, the existence of the UCDW state on the 
half-filled high Landau level leads to the isotropic correc- 
tion that for T c — T <C T c is as follows 



N 



T c -T 



(8) 



The behavior of the isotropic correction (JHJ) as the func- 
tions of ijc for fixed temperature T is shown in Fig. [21 

4. Model. The grand canonical partition function of 
the two-dimensional interacting electrons in the random 
potential V(r) subjected to the perpendicular constant 
magnetic field H and the time-dependent external vector 
potential A is given by 



,^}V[V}V[V] expels 1^, U], (9) 



where the action 6>o[ v I / , ^ > V] m the Matsubara represen- 
tation has the form 



-3C(4i + z)+4*o(z)+2$ 3 ( 2 )' 



S = j &(r)\iw + n- H + K -V(r)^(r) (10) 

r 
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the anisotropic as well as isotropic corrections to a a b are 
proportional to (T c — T) /T c will survive for a long-range 
random potential^. 

5. Method. To proceed we integrate over the random 
potential V(r) in Eq.©. As usual, it leads to the quartic 
interaction that we decouple by introducing the matrix 
field Q(r)H. The annihilation 'J'(r) and creation ^(r) 
operators written in the basis of the eigenfunctions <p v k (r) 
of the Hamiltonian Ho 



p,k p.k 



(13) 



FIG. 2: The f{vc)G(Vc) and [g( Vc ) + f(Vc)]G{Vc)/K as func- 
tions of ln(l + 77 c ). 



Here we use the matrix notation ^(•••)5' = 
*l£(---)°m*uL for the electron annihilation *£ n (r) 
and creation ^"(r) operators. Superscripts a, (3 = 
1, • • • , 2iV r stands for replica indices combined with spin 
ones. We introduce the replica indices in order to av- 
erage over the random potential V(r). The subscripts 
uj n , ui m denote the Matsubara fermionic frequencies u n = 
■nT(2n + 1). The one-particle hamiltonian Ho for a two- 
dimensional electron in the presence of the magnetic field 
H = t a bd a A s ^ is defined as Ho = —D 2 / (2m) with the co- 
variant derivative D = V — ieA Bt . The matrix lo has 
only diagonal elements <jj"m = w n^ 0|3 4m that repre- 
sent the Matsubara frequencies u> n . The matrix I" with 
elements (In)iZ = S l3a S ia S m -i :n is a generator of the 
U(l) gauge transformation. The time-dependent exter- 
nal vector potential A is involved through the matrix 



K{v n ) 



— A(v n )D+ — 
m Im 



^2 A(v„- m ) A(v m ). (11) 



Here A(v n ) is the Fourier component of the external vec- 
tor potential A with frequency v n = 2-kTu. 

We assume the white-noise distribution for the random 
potential V(r) 



T[V(r)} = 



1 



exp 



h 1 ' 



(12) 



This distribution corresponds to a short-range random 
potential with the correlation length d smaller than the 
magnetic field length lu, d <C Ih- In high mobility sam- 
ples used in experiment^, however, the disorder poten- 
tial has long-range correlations. In the case d ^> Ih one 
should distinguish between the Landau level broadening 
1/2t and the inverse transport time l/r tr . Therefore, 
the anisotropic © and as well as isotropic JSJ con- 
tributions will be determined by both energy scales 1/r 
and 1 /r tr those ratio depends on the value of dimension- 



involve the electron states on all Landau levels. There- 
fore, the term with the electron-electron interaction in 
the action (|10|l contains the interactions of electrons from 
different Landau levels. In general, to treat the problem 
HI U| l analytically seems to be impossible. However, as it 
was shown in Ref>*, if the N — 1 Landau levels arc filled 
whereas the iVth Landau level is partially occupied, one 
can obtain the description of the system in terms of elec- 
trons on the iVth Landau level only provided that the rel- 
ative strength of the bare Coulomb interaction is small, 
r s <C 1, and the magnetic field is rather weak, Nr s 3> 1. 

Following the same strategy as in Refiii, we obtain the 
grand canonical partition function Z as 



(14) 



where 



S 



#t(r)[ 



iw + fi — Ho + K + iQ 



*(r)-^TrQ 2 
*9 



T 



J2 i>Hr)IZHr)U SCI (r, f^V^nlKO- ( 15 ) 



Here symbol Tr denotes the trace over the Matsubara, 
replica combined with spin and spatial indices. The 
electron-electron interaction is written in terms of elec- 
tron operator i/}(r) = J2k ^Nk^Nkfr) on t ne Nth Landau 
level only. The screened interaction U SCT (r) of electrons 
on the Nth Landau level takes into account the effects of 
electrons on the other levels and has the following form 

4.11 



E4cr(<?) 



2^e 2 



2 1- 



(16) 



qa B 



It is worth mentioning that the range of the screened 
electron-electron interaction (|16J) is determined by the 
Bohr radius as = e/me 2 . We assume that the magnetic 
field is so weak that the condition Nr 2 ^ 1 is hold. That 
means that the range as of the screened electron-electron 
interaction (|16|l is much less than the magnetic length Ijj- 
It allows us to treat the interaction in the Hartrce-Fock 



less parameter djlu^. Nevertheless, the main result that approximation*. 
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In the absence of the external vector potential A one 
can project the first line in Ea. l|15[) onto the iVth Lan- 
dau level, i.e. substitute <3>(r) — > tp(r). Then the 
action becomes to involve electrons on the Nth Lan- 
dau level only and, evidently, it simplifies the analy- 
sis. The accuracy of such projection is of the order of 
max{T, t~ 1 }/luh <C 1. It is worthwhile to mention that 
the correction tt/Gujht <C 1 in the screened interaction 
(11611 results in the correction of the same order to the 
To. For reasons to be explained shortly we neglect this 
effect. However, in order to investigate the response of 
the system to the external vector potential A such pro- 
jection onto the Nth Landau level is not appropriate. We 
should leave the action (fT5|) as it stands because the ma- 
trix elements D% ip2 = J r <f>* Plk {r)D a (j) P2k (r) of the covari- 
ant derivative D = (D x ,D y ) involve the electron states 
on the adjacent Landau levels. As the last thing we men- 
tion that the electrons on the Nth. Landau level should 
be regarded as spin-polarized according to the numerical 
findings^. 

The action (|15|l involves the unitary matrix field Q(r). 
There exists the saddle-point solution Q{r) = W~ 1 U sp W 
in the absence of the electron-electron interaction. Here 
the constant unitary matrix W describes the global rota- 
tion, whereas (f7 sp )"m = S a/3 S nm sgn w„/2r with l/2r = 
y/ g/2m^j. Being motivated by the form of the saddle- 
point solution we split the matrix field Q(r) in trans- 
verse W(r) and longitudinal U(r) components as Q(r) = 
W~ 1 (r)(U sp + U(r))W(r). As it is well-known the trans- 
verse field W(r) is responsible for weak localization cor- 
rections^ but in the case of interest they are of the order 
of In N/N <C L Therefore we eliminate the transverse 
field from the future considerations by formally putting 
W(r) = 1. The transformation of the variable Q{r) dis- 
cussed above leads to the additional measure in the func- 
tional integral^ 



In I [17] 



a 3 

E 



[l-9(nm)][/™(r)C(r), (17) 



where Q(x) stands for the Heaviside step function. 

To describe the UCDW state we introduce the CDW 
order parameter A that is related with a distortion of the 
electron density on the A^tli Landau level 

(Sp(q)) = 2irl H 2 F NN (q)[5(q- Q)+S(q+ Q)]A, (18) 

where the F plP2 (q) is defined as 

F piP2 (q) = 27T& £ ^IA^pMhY^ 11 ■ (19) 
fc 

In particularly, the form- factor F^n{i) ~ Jv{qRc) for 
qR c <C 2N. The presence of the distortion of the electron 
density by the charge-density wave on the TVth Landau 
level results in the additional periodic potential A(r) that 
is related with the UCDW order parameter as 

X(q) = (4n) 2 T F^ N (q)[5(q- Q) + S(q+ Q)] A. (20) 



After the Hartrce-Fock decoupling^ of the interaction 
term in the action (|15(l and integration over electrons, we 
obtain 



V[U]I[U] expS[U], 



(21) 



where the action becomes 



Tr U 2 + Tr In (l + (iU + K + P N XP N )G 



2 3 

(22) 

The projection operator P N (r, r') = Y.k ( t ) Nk{.r)4>* Nk {r') 
in the action (|22|l indicates that the potential A(r) exists 
on the iVth Landau level only^i. The saddle-point Green 
function G"^(r, r 1 ) is determined as 

Gf m (ry) = <5^<5 nm ^0; fc (r)^ fe (r')G p - 1 K), 

pk 

G p \u n ) = iu; n + u; H (p-N)+i^^, (23) 

It 

We notice that the Green function (|23[) coincides with 
the Green function averaged over disorder in the self- 
consistent Born approximation^ 

6. Conductivity tensor. With the action (|22|l in 
hands we can evaluate the contributions to the conduc- 
tivity tensor a a b due to the presence of the UCDW state 
on the half-filled Landau level. As one can verify the 
contributions of the first order in the UCDW induced 
potential X(r) vanish. In order to find the contributions 
to a a b of the second order in A we should expand the ac- 
tion (|2*2*|l upto the second order both in A and K. Then, 
integrating over the U fields, we obtain several contribu- 
tions. We present the diagrams that correspond to them 
in the standard pcrturbativc technique in Fig. [3] 

The first three diagrams (Fig. EH a )) yield only the 
isotropic contribution 



G% (<x>„) 



T 2 A 2 



5 7r-"(0,0)(l + 5 ^"(0,Q)) 2 



Attujh I 2 



v n \ m 



J2 D a Np D b pN G p (u; n + v n ) -5 ab \. (24) 
p / 



Here the polarization operator Tr^ n (v n ,q) on the iVth 
Landau level is defined as 

7r w "(i/„,g) = -n L G N (ui n + iy n )G N (uj n )F^ N (q). (25) 

The contribution of diagram Fig. OJb) is seemed to be 
proportional to ^To( r o) aud vanishes therefore. The last 
diagram Fig. E{c) is as follows 

(c ) _ tog y> G 2 N (uj n )G 2 N (uj n + ^ t )r 2 A 2 
°^ Vn) ~ Vnm (l +ff7 r--.(0,Q)) 2 

n I \m t , , D pN Db p'N I N P Np'(Q) 

X^G p (u n )G p ,(uj n + v n ) P l+ P g7T ^ {0Q) , (26) 
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FIG. 3: Diagrams for the corrections to a a b- The solid lines 
are the Green functions, the N/p/p' symbols denote the Lan- 
dau level, the dashed lines are the UCDW induced potential 
A(r) and the shaded blocks are impurity ladders. 



P, P 2 P. N 



p, 



p. 



FIG. 4: Fig. 2] The equation for the impurity ladder. The 
frequency u} n + v n runs to the right whereas the ui n to the left. 



where a single impurity line is written in the Landau level 
indices representation (see Fig. as 



In 



,(Q) 



-iqQi 2 H 



(27) 



The contribution (|26[l contains the anisotropic as well as 
isotropic corrections to a a b- If we take p = p' = N ± 1 we 
obtain the anisotropic contribution due to the structure 
of matrix elements £)" . The opposite case p = N ± 1 
and p' — N ± 1 results in the isotropic correction. 

Now with a help of the identities In,n±i.n.n±i = 
geT^jfiro) and In,n±i,n,n^i = gJ?( r o) we perform 
the summation over the Landau level indices as well as 
over the Matsubara frequency. As the last step, we ex- 
press the UCDW order parameter A via the temperature 
difference T c - T < T c asi 



A = C 2 



1 



V, 



T c -T 



(28) 



and obtain the results ©,0 and (jHJ). 

7. Fluctuations of the order parameter. The 

UCDW order parameter A involved in Ea. l22|) can be 
thought of as a saddle-point solution for the plasmon 
field that appears in the Hubbard-Stratonovich trans- 
formation of the screened electron-electron interaction 
in the action i|15|) . The expansions of physical quanti- 
ties like free energy and linear response in A is legiti- 
mate if we can neglect the fluctuations of the UCDW 



order parameter A. It was shown that they leads to the 
first order transition at lower temperature T c — ST where 
ST/T C oc N~ 2 / 3 1. Therefore, in the considered case of 
the weak magnetic field (N 2> 1) the effect of the fluctu- 
ations on the transition is negligible and the mean-field 
picture is well justified. There is a legitimate question 
about the effect of the fluctuations on the conductivity 
tensor above and below the transition temperature T c . 
Below we consider the former case as more interesting. 

At T > T c the mean-field order parameter A = in 
average, but the average of its square (A 2 ) is non-zero. 
It leads to the appearance of the corrections to the con- 
ductivity tensor a au above T c due to the presence of the 
CDW correlations. We can find the contributions of the 
order parameter fluctuations to a a b by substituting (A 2 ) 
for A 2 in Eqs.|23|) and (2g) . 

Generally, the angle (f> and modulus Q of the CDW 
vector Q can fluctuate simultaneously^. Naturally, only 
the isotropic correction can appear in this case. Then, 
the result for the correction one can obtain from Eq.JSJ) 
with a help of the following substitutions 



T c -T 



'0 



47TAT V T-T c 



(29) 



G(z) 



7 C (2,i + ^)+J 2 (r„)z 2 C(4,i + z)' 



where 7 = dlnTo/dro « 2.58. It is worthwhile to men- 
tion that these fluctuational contribution (|29|l to er a £, 
above T c is analogous to the correction for conductivity 
of a normal metal due to superconducting pairingAS. The 
fluctuation correction l|29|l has square-root divergence at 
T — »• T c . This fact indicates that the result l|29|l is not ap- 
plicable in the vicinity of the transition temperature T c . 
The limit of applicability is determined by the require- 
ment that the fluctuational correction should be much 
smaller than a a b itself. 

8. Conclusion. Summarizing, we calculated the 
anisotropic as well as isotropic corrections to the conduc- 
tivity tensor of the two dimensional electrons on the half- 
filled high Landau level just below the transition to the 
UCDW state. The corrections obtained are proportional 
to (T c — T)/T c that is in agreement with that found in the 
experiments. Also we calculated the fluctuational cor- 
rection to the conductivity tensor of the two-dimensional 
electrons above the transition. 
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